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Abstract
Inthisworkwehaveinvestigatedtheemergenceofacriticalwavelengthwhichcharac-
terizesthelocalizationpatterninductileplatessubjectedtodynamicbiaxialloading.For
thattaskwehaveusedalinearstabilityanalysisandﬁniteelementcalculations.Thelinear
stabilityanalysisfolowsthe2DapproachdevelopedbyZaeraetal.(2015)whichincludes
speciﬁcfeaturestoaccountforinertiaandstresstriaxialityeﬀectsinsidethenecking.Two
diﬀerentﬁniteelementmodelsarebuilt:(1)aunitarycel modelinwhichthelocalization
isfavouredbyasinusoidalgeometricalperturbationand(2)aplatewithconstantcross
sectionwhichalowstoassessthecolectivebehaviourofmultiplenecks.Awidespectrum
ofloadingpathswhichrangefromplanestrainto(almost)biaxialstretchinghasbeenex-
plored. Wehavedemonstratedthat,ifinertiaplaysadominantroleintheloadingprocess,
theinﬂuenceofgeometricalperturbationsintheneckinginceptionissubstantialyreduced
andtheneckingpatternshowsadeterministicnature.Thedeterministicnatureisdirectly
connectedtotheemergenceofacriticalwavelengthwhichcharacterizestheneckspacing
athighstrainrates. Thiscriticalwavelengthincreases(i.e.theneckspacingincreases)
andbecomeslessprevailing(i.e.theneckingpatternbecomeslessuniform)aswemove
awayfromplanestraintobiaxialstretching. Thisisakeyoutcomeofourinvestigation
that,fromtheauthors’knowledge,hasnotbeenpreviouslyreportedintheliterature.
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1.Introduction
Theproblemofﬂowlocalizationandfragmentationinductilematerialssubjectedto
dynamicloadinghasattractedtheinterestoftheSolidMechanicscommunityforalmost
acentury.ThestartingpointofthisresearchwastheworkofMott(1947)who,movedby
themilitaryconcernsofthattime,developedduringthelatterpartofWorldWarIIathe-
oreticalframeworktodescribethefragmentationofbodiessubjectedtointenseimpulsive
loads.Speciﬁcaly,theattentionofMottwasfocusedonthefragmentationresultingfrom
theexplosiveruptureofcylindricalcases.Seventyyearshavepassedsincethepioneering
researchofMottwaspublishedand,inGrady’swords(Grady,2002),thefragmentation
ofholowmetalshelssubjectedtorapidexpansionbyimpulsiveinternalpressureloading
continuestobeaproblemofbothpracticalandintelectualinterest.Grady’sstatementbe-
comesapparentifoneconsidersthenumberofworksthathavebeenpublishedoverthelast
yearsonthisspeciﬁctopic(e.g.SørensenandFreund(2000);Becker(2002);Guduruand
Freund(2002);RusinekandZaera(2007);Vadiloetal.(2012);DeVuystandVignjevic
(2013)).
Withinthiscontext,therecentandverysigniﬁcantexperimentalresearchreliedonthe
dynamicradialexpansionofaxialysymmetricstructuresliketubes(Gotoetal.,2008;
Hiroeetal.,2008;ZhangandRavi-Chandar,2010)andhemispheres(Mercieretal.,2010).
Thesymmetryoftheseshelstructuresnearlyeliminatestheeﬀectsofwavepropagation
beforeﬂowlocalization,whichfacilitatestheinterpretationoftheexperimentalﬁndings.
Thus,thesheluniformlystretchesduringloadinguntilhomogeneousdeformationfails
atlargestrain,leadingtoﬂowlocalizationintheformofmultiplenecksandsubsequent
fragmentation.Theexperimentalresearchhaveyieldedtwofundamentalobservations:
1.Astheloadingrateappliedtotheshelincreases,theapparentductilityofthestruc-
tureincreases.
2.Astheloadingrateappliedtotheshelincreases,thenumberoffragmentsincreases.
Tothisday,thereisalackofconsensusinthedeterminationofthephysicalphenomena
whichresidebehindthesetwoexperimentalobservations.Particularly,theidentiﬁcation
3ofthespeciﬁcmechanismswhichcontrolthefragmentationpatternisacriticalconcern
thathasbeendebatedformanyyears.
Ontheonehandweshouldmentionthestatisticaly-basedtheories,derivedfromthe
(aforementioned)seminalworkofMott(1947),whichconsiderthatfragmentationproceeds
throughtherandomspatialandtemporaloccurrenceoffracturesresultinginadistribution
infragmentlengths.Thesetheories,signiﬁcantlymovedforwardoverthelastthreedecades
byGradyandco-workers(Grady,1981;KippandGrady,1985;GradyandOlsen,2003),
attributethedistributionoffragmentsizestostatisticalvariabilityinthestraintofailure
ofthematerialandobtainthisdistributionthroughanestimateofthepropagationof
theunloadingorreleasewavesfromeachfractureevent. Veryrecently,thistheoretical
frameworkhasbeentakenbyRavi-ChandarandTriantafylidis(2015)inordertoshowthat
thelocalizationandfailurepatternsofthestructuremaybedictatedbythedistribution
ofintrinsicmaterialor/andgeometricaldefects.
Ontheotherhandweshouldmentionthelinearstabilitytheories,derivedfromthe
pioneeringpapersofFressengeasandMolinari(1985,1994),whichconsiderthatthecom-
binationofstressmultiaxialityeﬀectsandinertialeadstothepromotionofsomespeciﬁc
wavelengthswhichcharacterizethelocalizationandfragmentationpatternsathighstrain
rates(MercierandMolinari,2003,2004;Mercieretal.,2010;Rodr´ıguez-Mart´ınezetal.,
2013a,b;ElMa¨ıetal.,2014).Insuchasense,thisapproacharguesfortheinclusionof
adeterministiccomponentwithinthefragmentationmechanisms.Nevertheless,thisidea
hasbeenfrequentlydisregardedintheclassicalstatisticaltheories.
Amaingoalofthispaperistoshowthatthedeterministicapproachwhichfolowsfrom
thestabilityanalysistheoriesactualycaptureskeyfeaturesoftheneckinginceptionathigh
strainrates. Whiledefectsplayanimportantroleinthelocalizationandfragmentation
process,itseemsthattheyarenottheleadingfactorwhichcontrolsthefragmentation
patternofductilemetalicshelssubjectedtoveryhighloadingrates.Inthispaperwerely
onﬁniteelementcalculationsandalinearstabilityanalysistoshowthat,athighstrain
rates,thereareselectedwavelengthsthatcharacterizethelocalizationandfragmentation
patterns. Wedemonstratethattheroleplayedbytheseselectedwavelengthsintheneck
spacingandthefragmentssizeismoresigniﬁcantasthecontributionofinertiainthe
4processofﬂowlocalizationincreases.Inaddition,wepresentsomeresultsthatconﬁrmthat
ifinertiaisthemaincontrolingfactoroftheloadingprocess,thegeometricaldefectsmay
notdictatetheneckspacingandthefragmentssize.Asalientfeatureofthisinvestigation,
whichgeneralizestheresultsofXueetal.(2008),isthataltheseoutcomeshavebeen
provenforawiderangeofloadingpathsrangingfromplanestrainto(almost)biaxial
stretching.
2. Problemformulation
Weconsiderarectangularsheetofinitialthickness h0andedgesofinitiallengthL0X
andL0Y,seeFig.1.Capitallettersrepresentingcoordinates,displacements,velocitiesor
accelerationswilbeusedfortheLagrangianframe,andlower-caselettersfortheEulerian
frame. Thesheetissubjectedtoconstantandopposedvelocitiesonopposedsidesand
thereforedirectionsX andYareofoveralprincipalstrainrates. Duringthestageof
homogeneousdeformation,theinitialstrainrates˙ε0X and˙ε0Y fulydeﬁnethekinematics.
Notethatourattentionislimitedtoloadingpathsforwhichχ˙ε=˙ε0Y/˙ε0X≥0.
Figure1:Sheetdomainandprincipalaxesofdeformation.
ThefundamentalsolutionS(X,Y,t)ofthepreviousproblemisobtainedbyintegration
ofthecorrespondinggoverningequations(seeZaeraetal.(2015)fordetails)satisfyingthe
folowinginitial
5VX(X,Y,Z,0)=˙ε0XX; VY(X,Y,Z,0)=˙ε0YY; VZ(X,Y,Z,0)=−
(˙ε0X +˙ε0Y
)Z (1)
andboundaryconditions
VX(L0X/2,Y,Z,t)=−VX(−L0X/2,Y,Z,t)=˙ε0XL0X/2
VY(X,L0Y/2,Z,t)=−VY(X,−L0Y/2,Z,t)=˙ε0YL0Y/2 (2)
Thematerialbehaviourisdescribedwitharatedependentconstitutivemodelbasedon
thestandardprinciplesofHuber-Misesplasticity:hypoelasticbehaviour,additivedecom-
positionoftherateofdeformationtensor,isotropichardening,associatedﬂowruleand
plasticpowerequivalence
σ∇=C:de=C:(d−dp) (3)
Ψ=¯σ−σY=0 (4)
dp=∂Ψ∂σ˙¯ε
p=3s2¯σ˙¯ε
p (5)
whereσ∇ isanobjectivederivativeoftheCauchystresstensor,d,deanddparethe
total,elasticandplasticrateofdeformationtensorsrespectively,CistheHooketensor
forisotropicelasticity(deﬁnedbytheYoungmodulusEandthePoissonratioν),Ψthe
yieldfunction,σ¯theequivalentstress,σYistheﬂowstress,sthedeviatoricstresstensor
and˙¯εpistheequivalentplasticstrainrate.
FolowingtheworkofRodr´ıguez-Mart´ınezetal.(2013a),theﬂowstressisgivenasa
functionoftheequivalentplasticstrainrate˙¯εpthroughthefolowingpower-typerelation
6σY=σ0
( ˙¯εp
˙¯εref
)m
(6)
Conventionalmaterialconstants,elasticparametersandparametersrelatedtotheﬂow
stressaregiveninTable1.
Symbol Propertyandunits Value
ρ0 Initialdensity(kg/m3) 7800
E Youngmodulus(GPa) 200
ν Poissonratio 0.33
σ0 Referenceﬂowstress(MPa),Eq.(6) 500
˙¯εref Referencestrainrate(s−1),Eq.(6) 1000
m Strainratesensitivityexponent,Eq.(6) 0.01
Table1:Conventionalmaterialconstants,elasticparametersandparametersrelatedtotheﬂowstressas
takenfromRodr´ıguez-Mart´ınezetal.(2013a).
Nodoubt, moresophisticatedconstitutivedescriptionscouldbeusedtomodelthe
materialbehaviour(seee.g.Nemat-NasserandGuo(2000);RusinekandKlepaczko(2001);
MolinariandRavichandran(2005);VoyiadjisandAbed(2006)). Nevertheless,weclaim
thatthissimpleconstitutivemodelissuﬃcienttouncoverthedominantfactorswhich
controltheemergenceofacriticalwavelengthresponsibleforthefragmentationofductile
platessubjectedtohighstrainrates. Moreover,aspointedoutbyRodr´ıguez-Mart´ınez
etal.(2013a),thissimpleconstitutivelawiswelsuitedtocarryoutcriticalcomparisons
betweenﬁniteelementscalculationsandstabilityanalysis,seesection8.
3.Linearstabilityanalysis
ThelinearstabilityanalysisfolowstheapproachdevelopedinZaeraetal.(2015),
whichisbasedonpreviousworksofDudzinskiand Molinari(1988,1991)andincludes
speciﬁcfeaturestoaccountforinertiaandstresstriaxialityeﬀectsinsidethenecking.The
7perturbationisimposedonlinesX=constant(seeFig.1)sincethisistheorientation
naturalyselectedbythematerialtotriggeraneck(criticaldirectionofperturbation).
LetS1bethecorrespondingvalueofthefundamentalsolutionattimet1,whenasmal
perturbationδSgivenby
δS(X,t;t1)=δS1eiξL Xeη(t−t1) (7)
isimposedoverthefundamentalsolution.InpreviousexpressionδS1istheperturbation
amplitude,ξL thewavenumberintheLagrangianconﬁgurationandηthegrowthrateof
theperturbationattimet1. ThephysicalsolutionistherealpartofS=S1+δSwith
|δS| ≪|S1|.BysubstitutingSintothegoverningequationsandretainingonlyﬁrst-order
terms,linearisedequationsareobtained. Anon-trivialsolutionforδS1canbederived
onlyifthedeterminantofthesystemoflinearalgebraicequationsisequaltozero.This
conditionisfoundtobeapolynomialinηwhichgives,foracertainvalueofthetimeat
perturbationt1,thevalueofηasafunctionofthewavenumberinthematerialdescription
ξL.TherequisiteforunstablegrowthofδSisgivenbytheconditionRe(η)>0.Theroot
ofthequotedpolynomialwhichisrealandpositiveη+ representstheunstablegrowth.
Notethat,accordingtoRodr´ıguez-Mart´ınezetal.(2013b,2015),theperturbationgrowth
η+isassumedtorepresenttheveryﬁrststagesatwhichtheplasticﬂowdeviatesfromthe
backgrounddeformation(theveryﬁrststagesofdiﬀusenecking). Moreover,imposingthe
conditionformaximumperturbationgrowth∂η+/∂ξL =0,thecriticalwavenumberξLc
andthecriticalperturbationgrowthη+caredetermined.
Afuldescriptionofthelinearperturbationanalysisandofitssalientfeaturescanbe
foundinZaeraetal.(2015).
4.Finiteelement models
Thissectiondescribesthefeaturesoftheﬁniteelementmodelsbuilttosimulatenecking
localizationinductileplatessubjectedtodynamicbiaxialloading.Thenumericalanalyses
arecarriedoutusingtheﬁniteelementprogramABAQUS/Explicit(Simulia,2013).Two
diﬀerentmodelsarebuilt:(1)aunitarycel modelinwhichthelocalizationisfavoured
8byageometricalperturbationand(2)aentireplatewithconstantcrosssectionwhich
servestoassesthecolectivebehaviourofmultiplenecks. Weanticipatethattheresults
obtainedfromthesetwomodelsalowtoderiverelevantconclusionsabouttheemergence
ofacriticalwavelengthwhichdictatestheneckspacingandtheneckingpatternathigh
strainrates.
4.1.Unitaryperiodiccel
InspiredbythecomputationalmodelproposedbyXueetal.(2008)forassessingthe
neckinglocalizationinaninﬁniteplateunderplanestrainconstraint,aplatesubjectedto
biaxialloadingandwithgeometricalperiodicperturbationscanbemodeledasanarray
ofunitarycelswithsinusoidalspatialimperfections.
Thereferenceconﬁgurationofthecelisgivenbythedomain−L0X/2≤X≤L0X/2,
−L0Y/2≤Y≤L0Y/2and−h0/2≤Z≤h0/2,withL0X=L0Y=L0.Asfurtherdiscussedin
forthcomingsectionsofthispaper,thevalueofL0hasbeensystematicalyvaried(while
h0=2mmisﬁxed)inordertoassesstherelativecontributionofstressmultiaxiality
eﬀectsandinertiainﬂowlocalization.Thespatialimperfectionisdeﬁnedbythefolowing
expression
0≤Z≤h0/2−δ2
(
1+cos
(2πX
L0X
))
(8)
whereδistheamplitudeoftheperturbation.Accordingtothelinearstabilityanalysis
outlinedinsection3theperturbationiscentredonX=0andalignedwiththeYaxis,
folowingthecriticaldirectionofperturbationforχ˙ε≥0(recalthatourattentionislimited
toloadingcasessuchthatχ˙ε≥0). Duetothesymmetryofthemodel,onlytheZ>0
halfofthespecimenhasbeenanalysed(seeFig.2). Theappliedinitialandboundary
conditionsarethosegiveninEqs.(1)and(2). AsshownbyRodr´ıguez-Mart´ınezetal.
(2013a)andZaeraetal.(2014,2015),theseinitialconditionsminimizetheinterventionof
stresswaveswithinthespecimenduringtheloadingprocess.
Theﬁniteelementmodelis meshedusingeightnodesolidelements,withreduced
integrationandhourglasscontrol(C3D8R). Theelementshaveaninitialaspectratio
closeto1:1:1withdimensions≈50×50×50µm3. Ameshconvergencestudyhas
9beenperformed,inwhichthetimeevolutionofdiﬀerentcriticaloutputvariables,namely
stress,strainandneckinginception,werecomparedagainstdiﬀerentmeshsizes. While
wehavefoundsomemeshsensitivityinthenumericalresults,wehavecheckedthatit
doesnotaﬀectsigniﬁcantlyourresults,neitherquantitativelynorqualitatively.Ourbelief
isthatviscosityandinertiaactaspotentregularizationfactorsthatcontributetothe
wel-possessednessoftheproblemathand(Needleman,1988;Rodr´ıguez-Mart´ınezetal.,
2013a).
Figure2:Finiteelementmodel.Unitaryperiodiccel. Meshandboundaryconditions.
4.2.Entireplate
BasedonthecomputationalmodelproposedbyZaeraetal.(2015)forassessingthe
colectivebehaviourandspacingofmultiplenecksinplatessubjectedtodynamicbiaxial
loading,werelyoncalculationsperformedusing(entire)plateswithconstantcrosssection
toexploretheinteractionbetweennecksathighstrainrates.
Thereferenceconﬁgurationofthesheetisgivenbythedomain−L0X/2≤X≤L0X/2,
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−L0Y/2≤Y≤L0Y/2and−h0/2≤Z≤h0/2,withL0X =L0Y=100mmandh0=2mm.
OnlytheZ≥0halfofthespecimenhasbeenanalysed,seeFig.3. Theinitialand
boundaryconditionsappliedtothemodelarethosegiveninEqs.(1)and(2). These
initialconditionsminimizethepropagationofstresswavesintheplateduringloading.
Thesheethasbeenmeshedusingatotalof1250000C3D8Relements,500inX and
Ydirections,and5inZdirection. Ameshconvergencestudyhasrevealedthemesh
sensitivityofournumericalresults.However,wehavecheckedthatthemeshdependence
doesnotaﬀecttheconclusionsofourinvestigation. Qualitatively(andquantitativelyto
alargeextend),altheresultsandtrendspresentedinthepaperregardingthenecking
strainandneckspacingareconsistentandindependentofthediscretization(aslongas
asuﬃcientlyﬁnemeshisprovided).Inabsenceofgeometricalperturbations,localization
istriggeredbytheperturbationoftheﬁeldvariablescausedbythediscretizationofthe
workpieceandtheexplicitintegrationschemeusedbytheﬁniteelementcode(Rusinek
andZaera,2007;Vadiloetal.,2012;Zaeraetal.,2015).
Figure3:Finiteelementmodel.Entireplate. Meshandboundaryconditions.
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Thesetofequationsdescribingthemechanicalbehaviourofthematerialareimple-
mentedintheﬁniteelementcode,consideringalargedeformationframe,througha
usersubroutinefolowingthefulyimplicitintegrationschemedevelopedbyZaeraand
Fern´andez-S´aez(2006).Notethatthelowerlimitforthestrainrateusedintheintegration
algorithmis10−15s−1.
5. Analysisandresults:thecriticalwavelength
Inthissectionwerelyontheunitarycelcalculationstoshowtheexistenceofacritical
wavelengthwhichplaysakeyroleintheneckingandfragmentationpatternsofductile
platessubjectedtohighstrainrates.
Fig.4showsthelocalizedneckingstrainεneckversustheinitialcelsizeL0/h0(where
h0=2mm)forχ˙ε=0(planestrain),∆=2δh0=2%and˙ε0=10000s−1.Thiscombination
ofloadingpath,imperfectionamplitudeandinitialloadingratewilbeconsideredasthe
referenceconﬁgurationfortheanalysestobeconductedinthispaper.AccordingtoXue
etal.(2008)andTriantafylidisand Waldenmyer(2004)thelocalizedneckingstrain,from
nowonsimplycaledneckingstrain,ismeasuredwhentheconditionε˙outε˙in=10−6isreached,
where˙εinand˙εoutarethestrainratesinsideandoutsidethelocalizedregion,respectively.
Thestrainrateinsidethelocalizedregion˙εinismeasuredatthecentreofthemainneck(s)
developedinthecel.Thestrainrateoutsidethelocalizedregion˙εoutandtheneckingstrain
εneckaremeasured:(1)attheendsofthesamplewhenthelocalizationtakesplaceinthe
middleoftheceland(2)atthecenterofthesamplewhenthelocalizationtakesplaceat
theendsofthecel.Theneckingstrainεneckrepresentstheonsetoflocalizednecking(this
isnottheonsetofdiﬀuseneckingdescribedbythelinearperturbationanalysis). Note
thatthelargestrainsattainedinthesimulationsfavourtheformationofwel-developed
necks.Thisisincontrasttomorebrittlemetalswhichusetoshowfailurebyearlyshear
bandingormicro-crackingpriortoneckinginception.InFig. 4weobservethatthe
neckingstrainﬁrstdecreaseswhenthecelsizeincreases,reachesaminimumandthen
increases. Wehavecheckedthatthealternativesineperturbation,minimumsectionatthe
endsofthesample,providesthesamevaluesofneckingstrain.Ontheonehand,thelarge
valuesofεneckobtainedforsmalL0/h0ratiosarecausedbythedampingeﬀectofstress
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multiaxialityonshortwavelengths(MercierandMolinari,2003;Zaeraetal.,2015).Onthe
otherhand,inertiaslowsdownthegrowthoflongwavelengthswhichleadstotheincrease
ofεneckobtainedforlargeL0/h0ratios(FressengeasandMolinari,1985,1994;Mercierand
Molinari,2003;Zaeraetal.,2015).FolowingZaeraetal.(2015),andwithinthecontextof
the2Dbiaxialloadingprobleminvestigatedinthispaper,thedimensionlessnumberwhich
representsinertiaeﬀectsis
I˜=h0˙¯ε
√ρ0
σ0 (9)
Thisdimensionlessnumberaccountsfortheintrinsicmaterialeﬀectsthatdensity,sam-
pledimensions,ﬂowstressandloadingratealhaveonneckinginception(Knocheand
Needleman,1993;MercierandMolinari,2003,2004;Zhouetal.,2006).
Thecombinationofthestabilizingaspectsofstressmultiaxialityonshortwavelengths
andofinertiaonlongwavelengthsleadstothepromotionofanintermediatewavelength
whichdeterminestheminimumneckingstrain(Rodr´ıguez-Mart´ınezetal.,2013a).From
thispointon,thecelsizecorrespondingtotheminimumneckingstrainwilbedenotedas
thecriticalcelsize(L0/h0)c.Recalthatlengthsaremeasuredinthereferenceconﬁgura-
tion.Notethatthevalue(L0/h0)c≈3reportedinFig.4coincideswiththecriticalcelsize
obtainedbyXueetal.(2008)fromnumericalcomputationsconductedunderplanestrain
conditions.Nevertheless,wehavetonotethatthisvalueofcriticalcelsizevarieswiththe
imperfectionamplitudeandtheinitialloadingrate,asfurtherdiscussedinsections6and
7.
Fig.5showscontoursofequivalentplasticstrainε¯pfordiﬀerentcelsizes.AsinFig.
4,thereferencecombinationofloadingpath,imperfectionamplitudeandinitialloading
rateisselected.Thepicturesaretakenattimesbeyondthatcorrespondingtothenecking
strain,oncetheplasticstrainisfulylocalized. Althepicturesfolowthesamecolour
codingsuchthatplasticstrainsrangingfrom0.4to1correlatewithacolourscalethat
comesfrombluetored. Plasticstrainsbelow0.4remainblueandabove1remainred.
InagreementwiththeresultsobtainedbyXueetal.(2008),weobservethattheplastic
deformationisconcentratedinasmaler(narrower)regionasthecelsizeapproachesthe
criticalone.Thus,weidentifythreedistinctivescenarios:
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Figure4:Unitarycelcalculations.NeckingstrainεneckversusinitialcelsizeL0/h0(whereh0=2mm).
Referenceconﬁguration:loadingpathχ˙ε=0(planestrain),imperfectionamplitude∆=2%andinitial
loadingrate˙¯ε0=10000s−1.
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•ThecelsizeissmalerthanthecriticaloneL0/h0<2:thereisamildinﬂuenceof
theimperfectionontheneckingpattern.Theplasticstrainisspreadoveramajor
portionofthecel,thesizeoftheneckedregionislarge.Theneckdevelopsatlate
stagesofthedeformationprocessduetostabilizingeﬀectsofstressmultiaxiality.A
largeamountofexternalenergyisrequiredtotriggerfullocalization.
Theweakinﬂuenceofthegeometricalimperfectiononthegeometricalpatternis
clearlyapparentforL0/h0=1.5.Inthiscase,theneckingdoesnotdevelopfromthe
initialimperfectionbutitislocatedattheendsofthecel.Thisspeciﬁcbehaviour
occursbecausetheimperfectionissmoothedduringtheloadingprocessuptoan
extentthatitultimatelyvanishes(seeRodr´ıguez-Mart´ınezetal.(2013b)). Next,
thecelshowsauniformcrosssectionwhichalowsfortheinceptionoftheneck
eitheratthecenterorattheedges.Then,weassumethatthefactthatthenecking
occursinoneplace(atthecenter)oranother(attheedges,asinthisspeciﬁccase)is
determinedtoalargeextentbythespuriousdisturbancescausedbythediscretization
oftheworkpieceandtheexplicitintegrationschemeusedbythecode,asdiscussed
insection4.2.Theconditiontobefulﬁledbythelocalizationpatternistokeepthe
symmetryenforcedbytheinitialandboundaryconditions.
•Thecelsizeisclosetothecriticalone2≤L0/h0≤4:thereisastronginﬂuenceof
theimperfectionontheneckingpattern.Theplasticstrainismostlyconcentrated
inasmalregionatthecenterofthecel.Thegeometricalimperfectiontriggersthe
neckatearlystagesoftheloadingprocess. Littleinvestmentofexternalworkis
requiredtoreachthestageoffullocalization.
•ThecelsizeisgreaterthanthecriticaloneL0/h0>4:thereisamoderateinﬂuence
oftheimperfectionontheneckingpattern.Theplasticstrainisspreadoveralarge
areainthecenteroftheplate.Flowlocalizationonlytakesplaceatlatestagesof
theloadingprocess.
ForL0/h0=8,insteadofhavingasingleneck,wehavethreethataresymmetricaly
placedwithrespecttocenterofthecel. Thismakesapparentthemildeﬀectof
theimperfectionontheneckingpattern.AsdescribedbyRodr´ıguez-Mart´ınezetal.
15
(2013a),thisspeciﬁcbehaviouroccursbecausethematerialpreferstolocalizewith
ashorterwavelengththanthatdeterminedbythecelsizesincethisrequireslower
amountofexternalworktotriggertheneck.Thisconclusionreinforcestheideaofthe
existenceofacriticalwavelengthwhichplaysasigniﬁcantroleintheneckingpattern
ofductileplatessubjectedtohighstrainrates.Thisrolecanbecomesoimportant
thatitgovernsthemultiplelocalizationprocess,settingasidethosetheorieswhich
assumethatthelocalizationpatternisexclusivelycontroledbymaterial/geometrical
ﬂaws. Wehavecheckedthat,forcelsizesgreaterthanL0/h0=8,thenumberof
neckscontinuesincreasingandthelocalizationpatternbecomesgradualymore(and
more)regular.
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6.Analysisandresults:theeﬀectofimperfectionamplitude
Inthissection,relyingontheunitarycelcalculations,weanalysetheroleplayedby
theimperfectionamplitudeintheneckingprocess.Fig.6showstheneckingstrainεneck
versustheinitialcelsizeL0/h0fordiﬀerentimperfectionamplitudes∆=1%,∆=2%
(reference)and∆=4%. Whilewehavecarriedoutcalculationswithsmalerandlarger
imperfectionamplitudes,theyarenotshowninthepaperforthesakeofbrevity:theeﬀect
oftheimperfectionontheneckingisproperlycapturedbythesimulationsshownhere.It
wasreportedbyRodr´ıguez-Mart´ınezetal.(2013a)thattheincreaseoftheimperfection
amplitudeessentialyaﬀectsthestressstateintheneckedregion,decreasingthedamping
eﬀectofstresstriaxialityonshortwavelengths.AsinFigs.4and5,thereferencecombi-
nationofloadingpathandinitialloadingrateisselected.Asageneralrule,weobservea
signiﬁcantdecreaseintheneckingstrainwiththeincreaseoftheimperfectionamplitude
(thereisoneexceptiondiscussedinthefolowingparagraph).Thiscausesthat,as∆in-
creases,theminimumofthecurveεneck−L0/h0becomesweakerandtendstomoveto
(slightly)largervaluesofL0/h0.
Inaddition,thestrongconnectionbetweentheimperfectionamplitudeandthemulti-
dimensionalcharacterofthestressstateinthecelservestoexplainthedrasticdropinthe
neckingstrainobtainedinthecaseofL0/h0=1(smalestcelsize)and∆=4%(greatest
imperfectionamplitude).Forthisspeciﬁccasewedonotobservetheinceptionofaneck.
Thelocalizationprocesstakestheformofapairofshearbandswhichareinceptedata
earlystageoftheloadingprocess,seeFig.7.Thisdominantshearstressstateiscausedby
thelargecurvatureoftheimperfectionwhichresultsfromthecombinationofashortcel
andalargedefectamplitude.Shearbandingbecomesthedominantinstabilitymode. We
havecheckedthatthedevelopmentoftheshearbandsissuppressedastheimperfection
amplitudeisreduced.
7. Analysisandresults:theeﬀectofinertia
Inthissectiontheunitarycelcomputationsareusedtoilustratethemainroleplayed
byinertiaeﬀectsontheemergenceofacriticalcelsizewhichcontrolsthelocalization
patternathighstrainrates.Fig.8showstheneckingstrainεneckversustheinitialcel
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Figure6:Unitarycelcalculations.NeckingstrainεneckversusinitialcelsizeL0/h0fordiﬀerentvalues
oftheimperfectionamplitude∆=1%,∆=2%(reference)and∆=4%.Referenceloadingpathχ˙ε=0
andinitialloadingrate˙¯ε0=10000s−1
Equivalent plastic strain, 
.
Figure7:Unitarycelcalculations.Contoursofequivalentplasticstrainε¯pforcelsizeL0/h0=1,loading
pathχ˙ε=0,imperfectionamplitude∆=4%andinitialloadingrate˙¯ε0=10000s−1.
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sizeL0/h0fordiﬀerentvaluesoftheinitialloadingrate˙¯ε0=5000s−1,˙¯ε0=10000s−1
(reference),˙¯ε0=20000s−1and˙¯ε0=50000s−1.Thereferencecombinationofloadingpath
andimperfectionamplitudeisselected.
Theneckingstrainshowsasigniﬁcantincreasewiththeloadingrate.Thisriseisem-
phasizedastheratioL0/h0increases,sinceinertia(viastrainrate,seeEq.(9))particularly
contributestothestabilizationoflongwavelengths(Molinarietal.,2014).
Moreover,thecellengthcorrespondingtotheminimumneckingstraindecreaseswith
loadingraterunningtoL0/h0≈2for˙¯ε0=50000s−1. Further,theminimumofthe
curveεneck−L0/h0ismorepronouncedastheloadingrateincreases.Theseresultssuggest
thatastheroleofinertiaintheloadingprocessbecomesmoredominantthenecking
patternwilbemoreregularandtheneckspacingshorter.Theconclusionsderivedfrom
ourunitarycelcalculationsagreewiththeexperimentalandtheoreticalconsiderations
reportedbyMercieretal.(2010)andMercierandMolinari(2003)whodevelopedspeciﬁc
investigationstodemonstratethedampingeﬀectofinertiaonductilematerialssubjected
toplanestrainextension.Theyshowedthatastheloadingrateincreasesthecontribution
ofinertiatakesadominantroleinthelocalizationprocessleadingtotheemergenceof
regularlyspacedneckswithsimilarratesofgrowth. Wefurtherelaborateonthisspeciﬁc
questioninsection9.
Theprofoundeﬀectthatinertiahasontheneckspacingisclearlyrevealed,forinstance,
inthecaseofL0/h0=8and ˙¯ε0=20000s−1forwhichthelocalizationpatternconsists
ofmultipleneckslocatedalalongthecel,Fig.9. Thisbehaviouroccursbecausethe
imperfectionislargelysmoothedduringloading(itisnotextinguished,butitislargely
smoothed)andthecrosssectionofthecelbecomesratherconstant. Then,withlittle
inﬂuenceofthegeometricalimperfection,thematerialispronetodevelopaneckspacing
whichrequireslessinvestmentofenergythantheneckspacingcorrespondingtothecel
length.
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Figure8:Unitarycelcalculations.NeckingstrainεneckversusinitialcelsizeL0/h0fordiﬀerentvalues
oftheinitialloadingrate˙¯ε0=5000s−1,˙¯ε0=10000s−1(reference),˙¯ε0=20000s−1and˙ε0=50000s−1.
Referenceloadingpathχ˙ε=0andimperfectionamplitude∆=2%.
Figure9: Unitarycelcalculations. Contoursofequivalentplasticstrainε¯pforcelsizeL0/h0=8,
loadingpathχ˙ε=0,imperfectionamplitude∆=2%(unitcelcalculations)andinitialloadingrate
˙¯ε0=20000s−1.
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8.Analysisandresults:theinterplaybetweenloadingpathandcriticalcel
size
Inthissection,relyingontheunitarycelcalculationsandthelinearstabilityanalysis,
weuncovertheinterplaybetweentheloadingpathandthecriticalcelsize. Thisisa
salientfeatureofthispaperwhich,fromtheauthors’knowledge,hasnotbeenaddressed
before.
Fig.10(a)showstheneckingstrainεneckversustheinitialcelsizeL0/h0fordiﬀerent
loadingpathsχ˙ε=0(reference), χ˙ε=0.25,χ˙ε=0.5andχ˙ε=0.75. Thereference
combinationofimperfectionamplitudeandinitialloadingrateisselected.Itisshown
thatastheparameterχ˙εincreasesthewholeεneck−L0/h0curveisshiftedupwards.This
meansthatthematerialbecomesmorestableaswemoveawayfromplanestrain,in
agreementwiththeexperimentalevidencesandthetheoreticalconsiderationsreportedby
Verleysenetal.(2011)andZaeraetal.(2015)whoanalysedtheeﬀectofloadingpath
onneckinginceptionathighstrainrates. Moreover,thecelsizecorrespondingtothe
minimumneckingstrainisshiftedtolargervaluesofL0/h0astheloadingparameterχ˙ε
increases. Thisisbecausetheinterplaybetweeninertiaandstressmultiaxialityleadsto
greatervaluesofthecriticalwavelengthastheloadingpathparameterχ˙εincreases.This
ﬁndingagreeswiththenumericalresultsobtainedbyZaeraetal.(2015)whoreporteda
monotonicincreaseoftheneckspacingwiththeincreaseofχ˙ε.
Moreover,Fig.10(b)showsthenormalizedneckingstrain ε¯neckversusthenormalized
initialcelsize¯L0/¯h0forχ˙ε=0(reference),χ˙ε=0.25,χ˙ε=0.5andχ˙ε=0.75.Therefer-
encecombinationofimperfectionamplitudeandinitialloadingrateisselected.Foreach
loadingpath,wehavecalculatedthenormalizedneckingstrainastheratiobetweenεneck
andtheminimumneckingstrain.Similarly,thenormalizedcelsizehasbeencalculated
astheratiobetweenL0/h0andthecriticalcelsize. Thisplotbringstolightthatthe
minimumoftheε¯neck−L¯0/¯h0curveisweakerastheparameterχ˙εincreases.Thisresult
suggeststhatthecriticalwavelengthbecomeslessprevailingaswemoveawayfromplane
strain,i.e.theneckspacingshalbelessregularasχ˙εincreases.Thisisakeypointofour
researchthatisfurtherinvestigatedinsection9.
Further,inFig.11wecomparethecriticalcelsize(L0/h0)cobtainedfromourunitary
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Figure10:Unitarycelcalculations.(a)NeckingstrainεneckversusinitialcelsizeL0/h0and(b)normal-
izedneckingstrainε¯neckversusnormalizedcelsizeL¯0/¯h0fordiﬀerentloadingpathsχ˙ε=0(reference),
χ˙ε=0.25,χ˙ε=0.5andχ˙ε=0.75. Referenceimperfectionamplitude∆=2%andinitialloadingrate
˙¯ε0=10000s−1.
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celcalculations(blueshadedpointsinFig. 10(a))withthepredictionsofthelinear
stabilityanalysis.Inordertoobtainthecriticalcelsizefromthestabilityanalysiswe
haveconsidered,relyingonthelackofstrainhardeningofourmaterial(seeEq.(6)),
thattheinstabilityprocess(onsetofdiﬀusenecking)startsatt1=0(seeEq.(7)).
Moreover,asdiscussedbyRodr´ıguez-Mart´ınezetal.(2013a),theselectionof t1=0as
theonsetofdiﬀuseneckingisconsistentwiththehighlevelofthedimensionlesscritical
perturbationgrowη¯+c=η+c˙¯ε0 (alwaysabove3)observedforalthevaluesofχ˙εconsidered.
Then,folowingtheproceduredescribedinsection3,wecalculatethecriticalwavenumber
ξLc asafunctionofχ˙ε. Weassociatetothiscriticalwavenumberaprevailingneckspacing:
L0c= 2πξLc .Thecriticalcelsize(L0/h0)cobtainedfromthelinearstabilityanalysisshows
verygoodagreementwiththepredictionsoftheunitarycelcalculations,seeFig.11.
Ontheonehandthiscomparisonshowsthatthereisacriticalwavelengthwhichplays
akeyroleintheneckspacingathighstrainrates,ontheotherhanditbecomesclear
thatthiscriticalwavelengthincreaseswiththeincreaseoftheloadingpathparameterχ˙ε.
Inlinewithpreviousworksoftheauthors(e.g. FressengeasandMolinari(1985,1994);
Molinari(1997); Mercierand Molinari(2003,2004);Rodr´ıguez-Mart´ınezetal.(2013a);
Zaeraetal.(2014)),theseresultsshouldbeunderstoodasanadditionalevidenceofthe
abilityofthelinearstabilityanalysistopredictandrationalizefundamentalaspectswhich
controlﬂowlocalizationinductilematerialssubjectedtodynamicloading.
9. Analysisandresults:theeﬀectofloadingpathandloadingrateonthe
neckingpattern
Inthissection,relyingonunitarycelandentireplatecalculations,weexploretheeﬀect
ofloadingpathandloadingrateontheneckingpattern.
Fig.12showsresultsobtainedfromnumericalsimulationsconductedusingtheentire
platemodelforχ˙ε=0andχ˙ε=0.25.Theinitialloadingrateis˙¯ε0=10000s−1.Onthe
onehandweshowcontoursofequivalentplasticstrain¯εpwhichilustratetheemergenceof
multiplenecksalignedwiththeYaxis.Ontheotherhandweshowtheequivalentplastic
strainε¯pversusthenormalizedplatecoordinateX¯= XL0fordiﬀerentloadingtimes.These
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Figure11:Criticalinitialcelsize(L0/h0)cversusloadingpathχ˙ε.Comparisonbetweenlinearstability
analysisandunitarycelcalculations(withthereferenceimperfectionamplitude∆=2%).Initialloading
rate˙¯ε0=10000s−1.
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resultsareenlightening:
1.Thenumberofnecksislargerforχ˙ε=0thanforχ˙ε=0.25.Theaverage(Lagrangian)
normalizedneckspacingis≈2.2forχ˙ε=0and≈2.5forχ˙ε=0.25.Thetrendsﬁnd
satisfactoryagreementwiththeresultsreportedinFig.10(a).Itbecomesclearthat
theLagrangianneckspacingincreaseswiththeloadingparameterχ˙ε.Thediﬀerence
withthevaluesfoundintheunitarycelcalculations,(L0/h0)c=3forχ˙ε=0and
(L0/h0)c=4forχ˙ε=0.25,comesfromthefactthattheneckingstrainsintheentire
platesimulationsarelargerthanthoseregisteredintheunitarycelcalculationsfor
thesameloadingconditions(seecommentsbelowforFig.13).Thisisbecausethe
geometricalperturbationsincludedintheunitarycelcalculationsaﬀectthenecking
processtoagreaterextentthanthenumericalerrorswhichtriggerlocalizationin
theentireplatesimulations. Decreasingtheamplitudeofthedefectintheunitary
celcalculationswilprovidevaluesofthecriticalcelsizeclosertotheaverageneck
spacingobtainedintheentireplatesimulations.
2.Theneckspacingismoreregularforχ˙ε=0thanforχ˙ε=0.25. Thisresultisin
agreementwiththeunitarycelcalculationsreportedinFig.10(b).Itappearedin
Fig.10(b)thattheminimumofthecurveεneck−L0/h0issharperasχ˙εdecreases,thus
demonstratingthatthedispersionobservedinneckspacinghastobetighterforsmal
valuesofχ˙ε(i.e. moreregularneckspacing). Thisisakeyresultofourresearch
thatseemstoconﬁrmthatthecriticalwavelengthwhichcontrolsthelocalization
processathighstrainratesbecomeslessprevailingastheparameterχ˙εincreases.
Therefore,theproportionofnecksthatwildevelopintofracturesitesincreasesas
weapproachplanestrain.Inotherwords,theproportionofarrestednecksincreases
aswemoveawayfromplanestrain.Indeed,itisapparentthattheoccurrenceof
neckarrestbyunloadingwavesisincreasedwhentheneckspacingislessuniform.
Theoreticaly,aperfectlyperiodicdistributionofidenticalneckswouldleadtoan
identicaldistributionoffracturesites. Bycontrast,inthecaseofanon-uniform
neckdistribution,someneckscouldbeearlyarrestedbyunloadingwavesemanating
fromdominantlocalizationsites.Then,fractureonlyoccursatthesitesofdominant
necks(Mott,1947;Grady,1981;KippandGrady,1985;GradyandOlsen,2003).A
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thoroughdiscussionoftheroleofdefectsandunloadingwavesontheproportionof
arrestedneckscanbefoundinMolinarietal.(2014).
Previousresultsshowtheeﬀectoftheloadingpathontheﬂowlocalizationpattern.
Speciﬁcaly,wehaveshownthattheneckingpatternandtheneckspacingbecomeless
uniformasχ˙εincreases. Next,weexploretheroleplayedbythestrainrateontheﬂow
localizationpattern.
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Fig. 13showsresultsobtainedfromunitaryandentireplatecalculations. Wehave
exploredinitialloadingrateswhichrangefrom5·103s−1to5·104s−1. Twodiﬀerent
loadingpathsareinvestigated:χ˙ε=0(reference)andχ˙ε=0.25.Intheunitarycel
calculationswehavetakenthecriticalcelsizeandthereferenceimperfectionamplitude
∆=2%.
Fig.13(a)showstheneckingstrainεneckversusinitialstrainrate˙¯ε0. Asanticipated
inpreviousparagraphs,thevaluesofεneck aresmalerinthecaseoftheunitarycel
calculationsduetoeﬀectofthegeometricperturbationincludedinthemodel(seeFig.
6). Thisisaclearilustrationoftheroleofdefects’amplitudeintheneckingstrain.It
isapparentthatthemagnitudeofthenumericalperturbationswhichtriggerlocalization
intheentireplatecalculationsissmalerthanthegeometricimperfectionincludedinthe
unitarycel model.Notethat(irrespectiveoftheinitialstrainrate)theneckingstrainis
largerforχ˙ε=0.25thanforχ˙ε=0.Furthermore,theεneck−˙¯ε0curvescorrespondingto
χ˙ε=0.25runpracticalyparaleltothoseobtainedforχ˙ε=0.
Moreover,weobservethattheneckingstrainincreaseswiththeloadingratewhich
bringstolighttheneckretardationcausedbyinertia(Xueetal.(2008)).Therelationship
betweenneckingstrainandinitialstrainrateforunitarycelandentireplatecalculations
isverysimilar. Thisconﬁrmsthatthemaintrendsreportedinthispaperarerather
insensitivetotheamplitudeofthedefectswhichtriggerlocalization,providedthatthose
defectsaresuﬃcientlysmal. Thequantiﬁcationoftheneckretardationwithincreasing
strainrate,andthereforeoftheinertiaeﬀects,isaddressedusingtwodiﬀerentmeasures:
•Absolutemeasure:werelyonthediﬀerencebetweentheneckingstrainscorrespond-
ingtothegreaterandthesmalerstrainratesinvestigated,i.e.εneck5·104s−1−εneck5·103s−1.
Sincetheεneck−˙¯ε0curvesforχ˙ε=0andχ˙ε=0.25arevirtualyparalel,thismea-
suresuggeststhattheroleplayedbyinertiaeﬀectsonneckinglocalizationislargely
independentoftheloadingpath.
•Relativemeasure:werelyonthenormalizeddiﬀerencebetweentheneckingstrains
correspondingtothegreaterandthesmalerstrainratesinvestigatedεneck5·104 s−1−εneck5·103 s−1εneck5·103 s−1 .
Sincetheεneck−˙¯ε0curvesforχ˙ε=0andχ˙ε=0.25arevirtualyparalel,therelative
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measure(contrarytotheabsolutemeasure)suggeststhattheroleplayedbyiner-
tiaeﬀectsonneckinglocalizationdecreasesaswemovefromplanestraintobiaxial
loading.
Formpreviousanalysisitbecomesapparentthattoprovideapreciseideaaboutthe
interplaybetweenloadingpathandinertiaeﬀectsisacomplicatedtaskthatstilneeds
furtherinvestigation.Inthisregardweshouldnotethat,atleast,ouranalysisrulesout
thattheroleplayedbyinertiainﬂowlocalizationincreaseswiththeparameterχ˙ε.
Fig.13(b)showsthecriticalcelsize(unitarycelcalculations)andtheaverageLa-
grangianneckspacing(entireplatecalculations)versustheinitialstrainrate˙¯ε0.Asantic-
ipatedinpreviousparagraphs,thevaluesof(L0/h0)caregreaterinthecaseoftheunitary
celcalculationsduetoeﬀectofthegeometricperturbation. Moreovernotethat,irrespec-
tiveoftheinitialstrainrate,thecriticalcelsize/neckspacingislargerforχ˙ε=0.25than
forχ˙ε=0.Furthermore,the(L0/h0)c−˙¯ε0curvesobtainedforχ˙ε=0andχ˙ε=0.25run
practicalyparalel. Wealsoobservethatthecriticalcelsizeandtheneckspacingdecrease
withthestrainrate. Thelatterbehaviouriscausedbyinertiaeﬀects,asanticipatedin
section7.
10.Summaryandconclusions
Inthispaperwehavestudiedneckinglocalizationinductileplatessubjectedtodynamic
biaxialloading.Forthattaskwehaveuseda2Dlinearstabilityanalysisandfuly3Dﬁnite
elementcalculations. ThelinearstabilityanalysiswasdevelopedbyZaeraetal.(2015)
andincludesspeciﬁcfeaturestoaccountforinertiaandstresstriaxialityeﬀectsinsidethe
necking.Theﬁniteelementcomputationsareconductedusingtwodiﬀerentmodels:(1)a
unitarycelinwhichthelocalizationisfavouredbyasinusoidalgeometricalperturbation
and(2)aplatewithconstantcrosssectionwhichalowstoassesthecolectivebehaviour
ofmultiplenecks. Akeyfeatureofthisinvestigationisthatwehaveexploredawide
spectrumofloadingpathsrangingfromplanestrainto(almost)biaxialstretching.Below,
wesummarizethemainoutcomesofthiswork:
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Figure13:Unitarycelandentireplatecalculations.(a)Neckingstrainεneckversusinitialstrainrate˙¯ε0
and(b)criticalcelsize/neckspacing(L0/h0)cversusinitialstrainrate˙¯ε0(lengthsaremeasuredinthe
initialconﬁguration).Twodiﬀerentloadingpathsareinvestigated:χ˙ε=0(reference)andχ˙ε=0.25.In
theunitarycelcalculationswehavetakenthereferenceimperfectionamplitude∆=2%.
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•Wehaverununitarycelcalculationsusingvariouscelsizesinordertoshowthe
emergenceofacriticalwavelengthwhichcharacterizestheneckspacingathighstrain
rates. Thiscriticalwavelength,whichdeﬁnestheminimuminvestmentofenergy
requiredtotriggertheneck,ispromotedbecauseshortwavelengthsarestabilizedby
stressmultiaxialityeﬀectsandlongwavelengthsbyinertia.
•Unitarycelcomputationsconductedfordiﬀerentloadingrateshaveshownthesta-
bilizingeﬀectofinertiaonnecklocalization. Astheroleplayedbyinertiaonthe
loadingprocessincreasesthedeterministiccharacteroftheneckingpatternbecomes
moresigniﬁcant.Itissuggestedthatatsuﬃcientlyhighstrainratesthegeometri-
caldefectsmayplayasecondaryroleintheneckingpatternofviscoplasticshels
subjectedtoimpulsiveloading.
•Unitarycelandentireplatecalculationsperformedfordiﬀerentloadingpathshave
shownthattheneckspacingincreasesaswemoveawayfromplanestraintobiax-
ialstretching.Thisisbecausetheinterplaybetweeninertiaandstressmultiaxiality
leadstogreatervaluesofthecriticalwavelengthastheloadingpathparameterχ˙ε
increases. Thisﬁndingisanoriginaloutcomeofthisinvestigationthat,fromthe
authors’knowledge,hasnotbeenpreviouslyaddressedintheliterature.Ithastobe
highlightedthatthevaluesoftheneckspacingobtainedfromthenumericalcomputa-
tionsﬁndsatisfactoryagreementwiththepredictionsofthelinearstabilityanalysis.
Thisagreementshouldbeunderstoodasanadditionalevidenceoftheabilityofthe
linearstabilityanalysistocapturefundamentalaspectswhichcontrolﬂowlocaliza-
tioninductilematerialssubjectedtodynamicloading.
•Entireplatecalculationsperformedfordiﬀerentloadingpathshaverevealedthatthe
neckingpatternbecomeslessregularaswemoveawayfromplanestraintobiaxial
stretching. Thisisbecausethecriticalwavelengthwhichcontrolsthelocalization
processathighstrainratesbecomeslessprevailingastheparameterχ˙εincreases,
asdeducedfromtheunitarycelcalculations. Thisisanoriginaloutcomeofthis
investigationwhichhasnotbeenreportedbeforeintheliterature.
Alinal,thecombinationofanalyticalandnumericalapproachesshowsthatthereis
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acriticalwavelengthwhichplaysakeyroleintheneckingpatternofplatessubjectedto
dynamicbiaxialloadingwhenveryhighstrainratesareconsidered.Thesalientfeatureof
thispaperwastoshedlightintothecloseconnectionbetweenthiscriticalwavelengthand
theloadingpath.
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